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SUMMARY 
The p l a t e  elements of the  NASTRAN code a r e  used t o  analyze  two annular  p l a t e  
problems loaded beyond the  e l a s t i c  l i m i t .  The f i r s t  problem is an e l a s t i c - p l a s t i c  
annular  p l a t e  loaded e x t e r n a l l y  by two concentra ted  forces .  The second problem i e  
s t r e s s e d  r a d i a l l y  by u n i f o m  i n t e r n a l  p ressure  f o r  which an exact  a n a l y t i c a l  s o l u t i o n  
is ava i l ab le .  A comparison of the  two approaches toge the r  with an assessment of the  
NASTRAN code is given. 
INTRODUCTION 
The piecewise l i n e a r  a n a l y s i s  op t ion  of the NASTRAN code can be used t o  analyze  
q u i t e  complicated e l a s t l c - p l a s t i c  p lane-s t ress  problems ( r e f s .  1 and 2).  The 
r e l i a b i l i t y  of t h i s  code has been well  demonstrated i n  the  l i n e a r  range but  not so i n  
t h e  non l inea r  range of loadings.  One major reason i e  because exact  a n a l y t i c a l  
s o l u t i o n s  f o r  e l a s t i c - p l a s t i c  problems a r e  nsua l ly  not a v a i l a b l e  f o r  comparison with 
approximate NASTRAN so lu t ions .  
I n  t h i s  paper, the  p l a t e  elements of the  NASTRAN code a r e  , ~ s e d  t o  solve  two 
annular  p l a t e  problems loaded beyond t h e  e l a s t i c  l i m i t .  The f i  st  problem considered 
is an e l a s t i c - p l a s t i c  annular p l a t e  loaded e x t e r n a l l y  by two concentra ted  forces .  
There is no a n a l y t i c a l  s o l u t i o n  f o r  t h i s  two-dimensional p lane-s t ress  problem and the  
NASTRAN code is  used t o  o b t a i n  numerical r e s u l t s .  The second problem considered is 
an e l a s t i c - p l a s t i c  annular  p l a t e  r a d i a l l y  s t r e s s e d  by uniform i n t e r n a l  pressure.  
This  problem is chosen because an  exact  a n a l y t i c a l  s o l u t i o n  is a v a i l a b l e  f o r  
comparison. For i d e a l l y  p l a s t i c  r - t e r i a l s ,  t h e  s t r e s s  s o l u t i o n  f o r  t h i s  s t a t i c a l l y  
de te rmina te  problem was f i r s t  obta ined by Mises ( r e f .  3) and the  corresponding two 
s t r a i n  s o l u t i o n s  were obta ined by the  present  author  on the  b a s i s  of both J2 
deformation and flow t h e o r i e s  ( r e f .  4 ) .  For e l a s t i c - p l a s t i c  s t ra in-hardening 
m a t e r i a l s ,  an  exact  complete s o l u t i o n  was r e c e n t l y  repor ted  i n  r e fe rence  5. 
Ana ly t i ca l  express ions  were der ived on the  b a s i s  of J 2  deformation theory,  the  H i l l ' s  
y i e l d  c r i t e r i o n ,  and a modified Ramberg+sgond law. The v a l i d i t y  of the  above 
s o l u t i o n  has been e s t a b l i s h e d  by s a t i s f y i n g  the  Budiansky's c r i t e r i o n .  
I n  t h e  fo l lowing,  the  theory of e l a s t i c - p l a s t i c  p l a t e  elements as used i n  
NASTRAN i e  b r i e f l y  reviewed. In  i ts  present  form, NASTRAN cannot be used f o r  
problems involving i d e a l l y  p l a s t i c  ma te r i a l s .  It is  shown t h a t  t h i s  l i m i t a t i o n  can 
be e a s i l y  removed by making minor changes. For an  e l a s t i c - p l a s t i c  s t ra in-hardening 
m a t e r i a l ,  t he  NASTRAN s o l u t i o n  is repor ted  here  and compared wi th  the  exact  s o l u t i o n .  
The r e s u l t s  a r e  presented g r a p h i c a l l y  and an assessment of the  NASTRAN code is made. 
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The t h e o r e t i c a l  S a e i s  of two-dimensional p l a e t i c  deformation ae  ueed i n  NUTRAN 
I s  t h a t  developed by Swedlow ( re f .  6). I n  t h e  development, a unique r e l 8 t i o n e h i p  
between the  oc tahedra l  e t r e e e ,  r0, and t h e  p l a e t i c  oc tahedra l  s t r a i n ,  sop, is aeeumed 
t o  e x i e t  and the  use of i d e a l l y  p l a e t i c  m a t e r i a l s  l o  excluded. h e  t o t a l  s t r a i n  
components ( 6 % .  cy ,  c Z ,  and yxy) a r e  compocred of the  e l a s t i c ,  recoverable  
deformations and the  p l a e t i c  por t ions  (cXP, cyP, cZP, and yxyP). The r a t e r  of 
p lae  t i c  flow, ( ixP,  e t c .  ) , a r e  independent of a time eca le  and a r e  simply ueed f o r  
convenience inetead of incremental  values.  The d e f i n i t i o n 6  of the  oc tahedra l  s t r e e s  
and the  oc tahedra l  p l a s t i c  e t r a i n  r a t e  f o r  i e o t r o p i c  , a t e r i a l s  are :  
where 
The 
i e  c a l l e d  t h e  d e v i a t o r  of the  stress t e n s o r ;  ax, ay,  and T x L a n  the  
c a r t e s  an s t r eeees .  The i ~ o t r o p i c  m a t e r i a l  is a s s m e d  t o  obey the  s e e  y i e l d  
c r i t e r i o n  and the  Prand t l ,  &use flow rule. The matrix r e l a t i o n e h i p  f o r  t h e  p l a s t i c  
f low is: 
where 
The p l a s t i c  m d u l u e ,  % ( r 0 ) ,  can be r e l a t e d  t o  tllc d o p e  b, of the  e f f e c t i v e  e t t e r e -  
e t r a i n  curve by: 
1 1 1  
------- I -- - - 
~MT(To) ET E (6 )  
The t o t a l  e t r a i n  incremente, obtained by ~ R d i n g  the  p l a e t i c  and l i n e a r  e l a s t i c  
p a r t s ,  a r e :  
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where [GI is the normal e l a s t i c  mater ia l  matrix and [Gp] is  the equivalent p l a s t i c  
e l  t i  The matrices [ D ~ I  and [Gp]-' e x i s t  fo r  f i n i t e  values of o r  (ET) 
and [G ] can be obtained numerically. Because t h i s  procedure is chosen i n  developing 
NUT& program, only s t r a i n  hardening mater ia ls  can be considered f o r  applications.  
However, i t  should be noted tha t  w e n  the matrix [Gp]-l does not e x i s t  when o r  ET 
is  equal t o  zero, the matrix [Gpl may still  ex i s t .  I n  f a c t ,  the  closed form of [Gp] 
has been given i n  reference 7. We can express t h i s  as: 
where 
If we want t o  remove the l im i t a t i on  t ha t  the  use of i dea l ly  p l a s t i c  mater ia ls  is 
excluded, w have t o  make minor changes i n  subroutines PSTRM and PKTRM of the NASTRAN 
program. 
TWO-DIMENSIONAL PROGRAM 
Consider a two-dimensional annular p la te  loaded ex te rna l ly  by two concentrated 
forces. Figure 1 shows a f i n i t e  element representat ion for  one quar te r  of the 
annular plate.  The other par t  is not needed because of symmetry. There a re  198 
gr ids  and 170 quadr i la te ra l  elements i n  t h i s  m d e l .  The g r id s  (1  through 11) along 
the x-axis a re  constrained i n  y-direct ion while those g r i d s  (188 through 198) along 
the  y-axis a re  constrained i n  the x-direct ion.  The concentrated force F is applied 
a t  the top of the y-axis (gr id  198). The thickness of the p la te  is 0.1 inch. All 
membrane elements a re  s t r e s s  dependent materials.  The e f f ec t i ve  s t r e s s - s t r a in  curve 
is  defined by: 
a = Ee f o r  u G uo 
( ~ / a , ) ~  = ( E / u ~ ) E  f o r  a 2 aO 
where 
n is  the - t r a in  hardening parameter and the  i n i t i a l  y ie ld  surface i s  defined by the 
e l l i p s e  a - a,. The input parameters fo r  the problem a t e :  
E = 10.5 x lo6 p s i  , v = 0.3 (Poisson's r a t i o )  , uo = 5.5 x lo4 p s i  , n = 9 . 
There is no ana ly t ica l  solut ion for the two-dimensional plane-stress problem and the 
NASTRAN code is used t o  obtain numerical resu l t s .  F i r s t  the s t r e s s  so lu t ion  i n  the 
e l a s t i c  loading range is obtained and the  e l a s t i c  l i m i t  is determined. The corre- , 
spending F* at i n i t i a l  yielding i s  753.34 pounds. Then the so lu t ion  beyond the elas-  
t i c  l i m i t  is obtained i n  13 s teps  with the applied force given by Fn , 753.36 (0.95 + 
0.0511) pounds for  n = 1,2,.. .13. The v e r t l c a l  displacement a t  the point of applica- 
t i o n  (VD) and the horizontal  displacement (UB) a t  point B (gr id  11) a r e  shown i n  f ig-  
ure  2 a s  functione of the applied force F. The major pr inc ipa l  stresses i n  elements 
near the x and y-axes a r e  shown i n  f igure  3 fo r  F = 600 and 1205.38 pounds, respec- 
t ive ly .  The results ind ica te  t ha t  the maximum t e n s i l e  stress occurs a t  point C. 
ONE-D IMENS I ONAL PROBLEM 
Consider a onellimenaional annular p l a t e  s t ressed  r a d i a l l y  by uniform in t e rna l  
pressure. The p la te  geometry and mater ia l  p roper t ies  a r e  the same a s  the two- 
dimensional one. Ut i l i z ing  the condition of ax i a l  symmetry, ue need only a sec tor  of 
the  annular p la te  for  the f i n i t e  element nmdel. There a r e  only 10 elements with 22 
gr ids .  A l l  g r id  points  a r e  constrained i n  the  tangent ia l  d i rec t ion .  The applied 
load is the i n t e rna l  pressure p. I f  p = 1000 ps i ,  the  equivalent  nodal force a t  each 
of the two i n t e r i o r  g r id s  is Q = 4.62329 pounds i n  the r a d i a l  d i rec t ion .  The t rue  
pressure corresponding t o  i n i t i a l  yielding fo r  t h i s  problem is po = 23,571 psi. The 
NAST AN results w i l l  depend on the users '  choice of element s i z e s  and load increments. 
I n  t he  e l a s t i c  range, the NASTRAN r e s u l t s  based on two finite-element m d e l s  were 
compared with the exact eolution. For a ten-element model, the  maximum e r r o r  is 0.36 
percent i n  displacements and 0.95 percent i n  stresses. For a twenty-element model, 
the  maximum er rore  a r e  reduced t o  0.09 percent and 0.24 perceat,  respect ively.  Since 
we a r e  s a t i s f i e d  with one percent e r ro r ,  the ten-element model i s  chosen for  
incremental ana lys i s  beyond the e l a s t i c  l i p i t .  
In  the p l a s t i c  range, the user  has t o  choose the load increments properly i n  
order  t o  ob ta in  good r e s u l t s  a t  reasonable cost. The values of the load fac tors  can 
be normalized so i t s  uni t  value corresponds t o  the l i m i t  of e l a ~ t i c  solut ion,  i.e., 
po = 23,571 psi. The load increments can be uniform o r  nonuniform. It seems tha t  
t he  s i z e  of load increments depends otl the mater ia l  propert ies  and s i ze s  of elements. 
In  order t o  determine the influence of load f ac to r s  on the displacements and stresses 
i n  the  p l a s t i c  range, four sets of load f ac to r s  a re  chosen. The load increments fo r  
th ree  of them are  uniform with Ap/po = 0.20, 0.10, and 0.05, respect ively.  The 
iuf luence of load fac tor ,  p/po, on the ins ide  r ad i a l  displacement, u l ,  is shown i n  
f i gu re  4. The e f f ec t  of load fac tors  on the major pr incipal  stresses i n  elements is 
shown i n  f igure  5. We a l so  show i n  these two f igures  the corresponding ana ly t i ca l  
resu l t s .  On the  bas i s  of these comparisons, we can make the following conclusions. 
In  t he  e a r l i e r  s tages  of p l a s t i c  deformation, l a rge r  load increments can be used t o  
give very good resu l t s .  As p l a s t i c  deformation becomes bigger,  smaller load 
increments should be vsed i n  order t o  get  a reasonably good answer. However, fo r  
very large p l a s t i c  deformation, it  seems t h a t  we cannot improve the  NASTRAN results 
much b e t t e r  by choosing even muallsr increments. This is because there  a r e  other  
bu i l t - i n  e r ro r s  i n  the NASTRAN program, e.g., the  l i n e a r  displacement function is 
assuued. 
I f  uniform load increments a r e  used, a d i r e c t  comparison of the ana ly t i ca l  and 
NASTRAN r e s u l t s  is not available.  The so l id  curves shown i n  f igures  4 and 5 *re 
obtained ind i r ec t l y  s ince  the ana ly t i ca l  r e s u l t s  of the displacements, stresses, and 
pressure = r e  represented a s  functions of e l a s t i c - p l a s t i c  boundary (ref .  5). We have 
obtained the ana ly t i ca l  results when the e l a s t i c - p l a s t i c  boundary i e  located a t  a 
r a d i a l  d i s tance  of 0.05, 0.15, 0.25, 0.35, 0.45, 0.55, 0.65, 0.75, 0.85, and 0.95 
inch from the inside surface. The corresponding values of the pressure fac tor  (p/po) ., 
a re  1.095, 1.266, 1.414, 1.540, 1.646, 1.734, !.805, 1.860, 1.901, and 1.929, + 
1 
respect ively.  This set of values l a  used a s  load f ac to r s  i n  the input deck of the 1 i 
NASTRAN progrra. Some of the  NASTRAN rerultr together with the corresponding 
, a n a l y t i c a l  resultr are shown i n  f igures  6 and 7. A d i r e c t  comparison of the two 
approaches i n  the p l a s t i c  range can be seen. The e f f e c t  of load f ac to r s  on the 
d i s t r i b u t i o n  of r a d i a l  displacaaento is shown i n  f igure  6. The d ie t r ibu t fone  of 
. ,  major pr inc ipa l  stresses f o r  th ree  load f ac to r s  are shown i n  f igure  7. Ae can be 
I .  
. 
seen i n  f igures  6 and 7, a d i r e c t  comparison of tvlo approaches w i l l  rupport the  
: following conclusion. Even i f  the  r e s u l t s  i n  the e l a s t i c  range are i n  exce l len t  
, 
agreerent ,  the  d i f fe rences  i n  the p l a s t i c  range can be qu i t e  big fo r  large values of 
load factors .  This syggeets aore research e f f o r t s  should be given t o  large plaSric  
deforgat  ion. 
CONCLUSIONS ORlGINAL FACE R 
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Two e l a s t i c -p l a s t i c  annular p la te  problems have been analyzed by w i n g  NGTRAN 
p l a t e  elements. One problem is loaded ex terna l ly  by two concentrated forces  and the  
o the r  by uniform in t e rna l  pressure. The NASTRAN r e s u l t s  fo r  the second problem hme 
been compared with an exact ana ly t i ca l  solution. It seams that the NASTRAN code i n  
i t s  present form is st i l l  a valuable tool  because i t  can be used to  solve qu i t e  
complicated plane stress prcblems provided the plae t i c  deformation involved is not 
too large. The l imi t a t ion  t h a t  the use of idea l ly  p l a s t i c  mater ials  is excluded can 
be e a s i l y  reroved by making Binor changes. 
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Figure 1. F i n i t e  Element Model of an Annular P l a t e .  
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Figure 3 .  Distribbtion of Major P:inci[,al Stresses - 
Problem 1. 
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R A D I A L  D I S T A N C E  , i n c h  
Figure 6. Distribution of Radial Displacements - Problem 2. 
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R A D I A L  DISTANCE , inch 
Figure 7. Distribution of Major Principal Stresses - Problem 2 .  
292 
